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Abstract
We present unfolded description of AdS4 black hole with generic parameters of
mass, NUT, magnetic and electric charges as well as two kinematical param-
eters one of which is angular momentum. A flow with respect to black hole
parameters, that relates the obtained black hole unfolded system to the covari-
ant constancy condition for an AdS4 global symmetry parameter, is found. The
proposed formulation gives rise to a coordinate-independent description of the
black hole metric in AdS4. The black hole charges are identified with flow evo-
lution parameters while its kinematical constants are the first integrals of the
black hole unfolded system expressed via invariants of the AdS4 global symme-
try parameter. It is shown how the proposed method reproduces various known
forms of black hole metrics including the Carter and Kerr–Newman solutions.
Free flow gauge parameters allow us to choose different metric representations
such as Kerr–Schild, double Kerr–Schild or generalized Carter–Plebanski in the
coordinate-independent way.
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1 Introduction
In the paper [1] Kerr black hole in four-dimensional AdS space-time was shown to
admit unfolded formulation based on the Killing equation and the equation for the so
called Papapetrou field. As a starting point we used the following well known facts
[2]
• Four-dimensional Einstein black holes are of Petrov D-type. In asymptotically
flat space Riemann tensor is built of the derivatives of a Killing vector (Papa-
petrou field).
• Kerr–Schild Ansatz reduces nonlinear Einstein equations to linear Pauli–Fierz
equations both on flat and on AdS background.
The first property was generalized in [1] to the black hole on AdS4 space within spinor
approach leading to the description of AdS4 Kerr black hole Weyl tensor in terms
of AdS4 Papapetrou field. Then we were able to show that AdS4 black hole Kerr–
Schild vector has background covariant nature and is built of AdS4 Killing vector via
certain coordinate-independent Killing projectors. This allowed us to describe Kerr
black hole in AdS4 covariant way via field redefinition of the AdS4 global symmetry
parameter covariant constancy condition. The important questions that have not
been yet considered in [1] include
• As the unfolded formulation is by construction coordinate-free how does a par-
ticular choice of the AdS4 global symmetry parameter affects the diffeomorphic-
invariant properties of the resulting Kerr–Schild metric?
• How the approach of [1] can be generalized to a wider class of four-dimensional
black holes to include electric charge, NUT parameter, etc.?
In this paper we answer these and some related questions. In our work we stick to
the idea of [1] that AdS4 global symmetry parameter covariant consistency equation
D0KAB = 0 , D
2
0 = 0 , (1.1)
where A,B = 1, . . . , 4 are the AdS4 spinor indices and D0 is the AdS4 covariant
differential, admits a parametric deformation into a wider class of black holes. A
novelty, however, is to rewrite (1.1) in terms of Killing vector and source-free Maxwell
tensor field, rather than using Papapetrou field as in [1]. This redefinition turns out
to be very convenient being particularly natural taking into account that all four-
dimensional Einstein–Maxwell black holes have curvature tensor built of a sourceless
Maxwell tensor. It follows that simple consistent deformation of (1.1) that preserves
Killing and Maxwell properties of the system leads to Petrov D-type Weyl tensor
with Ricci tensor given by Maxwell energy-momentum tensor and constant scalar
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curvature of AdS4 space-time (Λ = 3λ
2). Defined this way unfolded system contains
three real parameters M∈ C and q ∈ R instead of one real parameter of Kerr black
hole mass of [1]. We show that Re M and Im M correspond to black hole1 mass
and NUT charge, respectively, while q = 2(e2 + g2), where e and g are electric and
magnetic charges, respectively.
In general, the obtained black hole unfolded system reproduces the so called Carter–
Plebanski family of solutions, which in addition to aforementioned four real curvature
parameters (Re M, Im M, q, λ) have two kinematic constants related to angular
momentum a and certain discrete parameter ǫ [3, 4, 5]. These kinematic parameters
are shown to arise in the black hole unfolded system (BHUS) as two invariants of
unfolded equations (first integrals).
To obtain explicit expressions for the metric resulting from our unfolded equations and
to validate it is indeed of Carter–Plebanski family we use an efficient integrating flow
method analogous to the one developed in [6, 7] for higher spin nonlinear equations.
Applying the consistency requirement [∂χ, d] = 0 to BHUS, where χ = (M,q) are
the deformation parameters and d is space-time de Rham differential, we derive the
first-order differential equations in the χ parameter space for all fields involved, i.e.,
vierbein, Killing vector, etc. The obtained flow equations can be easily integrated
with the initial data M = 0,q = 0 that correspond to pure AdS4 vacuum leading to
the coordinate-free description of generic Carter–Plebanski family of metrics.
The integrating flow reveals remarkable properties of the black hole parameters. In
particular, the kinematic parameters turn out to be related to two invariants
C2 =
1
4
KABK
AB , C4 =
1
4
Tr(K4) (1.2)
of the AdS4 algebra sp(4) which are modules that characterize the vacuum unfolded
system. For example, a static black hole corresponds to
C4 = C
2
2 . (1.3)
One of the motivations for this work was to elaborate the unfolded approach to
classical black holes appropriate to the analysis of black hole solutions in the spinor
form of 4d higher spin gauge theory in the form of [8, 9, 7] (see also [10, 11, 13, 12]
for reviews of higher spin theory). In [1] we have shown that at least at the free
field level the black hole solution admits a natural extension to higher spins. The
natural question for the future study is whether those would receive corrections had
1The term black hole that will be used throughout the paper is strictly speaking abuse of termi-
nology as we do not restrict metric parameters to the domain that corresponds to the existence of
horizons and absence of naked singularities.
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the interaction switched on. To study this interesting question it is necessary to have
black holes description in the spirit of higher spin unfolded formulation of [8, 9, 7].
In this paper we show that such a formulation is indeed available.
We believe, however, that the results of this paper may on their own right have
useful applications in black hole physics. In particular, a wide class of black hole
metrics formulated in coordinate-free form allows one to obtain straightforwardly
their realization in any background coordinates. Moreover, by choosing appropriately
free parameters in the integration flow one can reduce metric to either Kerr–Schild or
double Kerr–Schild or “generalized” Carter–Plebanski form depending on the number
of deformation parameters.
The rest of the paper is organized as follows. We start in Section 2 by summarizing
main results obtained in this paper. In Section 3 we reformulate Einstein gravity
using the Cartan formalism being most appropriate for our analysis. In Section 4
starting from the Killing equation in AdS4 we rewrite it in the unfolded form. Then
we study its properties, particularly, find the first integrals, discrete symmetry, intro-
duce certain Killing projectors giving rise to four Kerr–Schild vectors. In particular
in Subsection 4.4 invariants of the AdS4 symmetry algebra sp(4) are discussed in con-
nection with Killing symmetries of the system. Generic black hole unfolded system,
obtained as a parametric deformation of initial AdS4 unfolded system, is presented
in Section 5. We find that BHUS inherits most of the pre-deformed properties and
symmetries. In particular, it expresses Weyl tensor in terms of Maxwell field making
it manifestly of Petrov D-type. In Section 6 we apply the integrating flow technique
to obtain the first order differential equations with respect to the deformation param-
eters that encode generic black hole solution. Integration of obtained flow-equations
with AdS4 initial data is carried out in Section 7 giving rise to AdS4 covariant and
coordinate-independent description of black hole metric. In Section 8 we use partic-
ular coordinate system for AdS4 space-time and its unfolded system. It allows us to
reproduce in Subsection 9.1 canonical form of Carter–Plebanski metric and to identify
BHUS modules with the physical black hole parameters. Section 10 contains sum-
mary and conclusions. The notation is summarized in Appendix A. The details on
derivation of the integrating flow equations and their integration are given in Appen-
dices B and C, respectively. For the readers’ convenience the unfolded equations are
rewritten in vector notation in Appendix D and some useful properties are presented
in Appendix E. Finally, Plebanski–Demianski solution is commented in Appendix F.
2 Main results
The main result of our work is the unfolded formulation of generic AdS4 Einstein–
Maxwell black hole solution. This formulation is coordinate-independent. Modules
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of solutions include the real dynamical modules M, N and q which are, respectively,
the black hole mass, NUT and a combination of electric and magnetic charges. The
o(3, 2) ∼ sp(4,R) transformations act on the modules of BH solution including three
coordinates of the black hole position, three Lorentz boosts (i.e., velocities) and two
angles of the rotation axis orientation. Two invariants of the AdS4 transformations
parameterize black hole kinematical parameters – its angular momentum per unit
mass a and Carter–Plebanski parameter ǫ. The normalization of the AdS4 invariants
with ǫ = ±1 or 0 sets the scale for black hole curvature modules M, N and q. The
charge q = 2(e2 + g2) arises as some inner u(1)-invariant, while the electro-magnetic
duality mixes M↔ N and e↔ g.
To reproduce generic black hole we use the idea of [1], constructing black hole unfolded
system as a deformation of AdS4 global symmetry constancy equation
D0KAB = 0 , (2.1)
where KAB(x) = KBA(x) is an AdS4 symmetry parameter and D0 is the AdS4 co-
variant differential (for notation see Appendix A). As explained in [14] any solution
of (2.1) describes some symmetry of AdS4. In particular, it gives rise to the corre-
sponding Killing vector (see e.g. [13]).
Indeed, in two-component spinor notation KAB has the form
KAB =
(
λ−1καβ Vαβ˙
Vβα˙ λ
−1
κ¯α˙β˙
)
, (2.2)
where λ is the AdS radius and Vαα˙ is some vector. From (2.2) it follows that Vαα˙
satisfies
DVαα˙ =
1
2
hγα˙κγα +
1
2
hα
γ˙
κ¯α˙γ˙ , (2.3)
where D is the Lorentz derivative and hαα˙ is the AdS4 vierbein one-form. From (2.3)
it follows immediately that
Dαα˙Vαα˙ = 0 , (2.4)
or, equivalently, in tensor notation
DiVj +DjVi = 0 . (2.5)
The equation (2.5) means that Vαα˙ is a Killing vector. (2.1) does not impose any
additional conditions being equivalent to (2.5) along with the AdS4 consistency (1.1).
The fields καα and κ¯α˙α˙ are (anti)self-dual parts of the Killing two-form
2 κij = DiVj
(i, j = 1, . . . , 4 are world indices).
2One can easily check that it is a closed Killing–Yano tensor. Note that the reverse statement
generally is not true, i.e., vector associated with closed Killing–Yano tensor is not necessary a Killing
vector.
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Note that the system (2.1) written down in components (2.2) provides the simplest
example of unfolded equations consistent by virtue of zero-curvature condition (1.1)
for AdS4. In Section 5 we will show that a simple consistent deformation of (2.1) leads
to certain Killing–Maxwell unfolded system that describes generic Carter–Plebanski
metric. In turns out that it can be written down in terms of the fields of (2.2) in a
AdS4 covariant way.
To reproduce the metric explicitly we show that (2.1) generates four Kerr–Schild
vectors built of components (2.2) in a coordinate-independent way. Two of them, ki
and ni, are real
kik
i = nin
i = 0 , kiDikj = n
iDinj = 0 (2.6)
and another two are complex-conjugated and orthogonal to ki and ni
l−+i l
−+i = l+−i l
+−i = 0 , l−+iDil
−+
j = l
+−iDil
+−
j = 0 . (2.7)
Their explicit realization in terms of AdS4 fields KAB will be given in Section 4. To
write down black hole metric in AdS4 covariant and coordinate-free form we introduce
the following Lorentz scalars
G = λ
2
√−κ2 , G¯ =
λ2√−κ¯2 , (2.8)
where3 καβκ
β
γ = κ
2εαγ. This allows us to define “canonical scalars”
4
2r =
1
G +
1
G¯ , 2iy =
1
G¯ −
1
G . (2.9)
Using the unfolded analysis along with the integration flow method we show that the
solution of the obtained first order flow equations describes generic Einstein–Maxwell
black hole on AdS4 space-time in coordinate-independent form
ds2 = ds20 +
2Mr − q
2
r2 + y2
(α1(r)kidx
i + α2(r)nidx
i)2 − 2Ny +
q
2
r2 + y2
(β1(y)l
+−
i dx
i + β2(y)l
−+
i dx
i)2
+ 4α1(r)α2(r)
r2 + y2
∆r∆ˆr
(2Mr − q
2
)dr2 − 4β1(y)β2(y)r
2 + y2
∆y∆ˆy
(2Ny +
q
2
)dy2,
(2.10)
where α1(r), α2(r) and β1(y), β2(y) subjected to the constraints
α1(r) + α2(r) = 1, β1(y) + β2(y) = 1, (2.11)
3For notations used throughout this paper see Appendix A.
4The reason of this name is that in a certain reference frame, scalars r and y are equal to the
canonical coordinates introduced by Carter in [4].
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are otherwise arbitrary, parameterizing some gauge ambiguity, ds20 is the background
AdS4 metric, ∆ˆr and ∆ˆy are the following polynomials
∆ˆr = 2Mr + r
2(λ2r2 + I1) +
1
2
(−q + I2
2
), (2.12)
∆ˆy = 2Ny + y
2(λ2y2 − I1) + 1
2
(q+
I2
2
), (2.13)
and
∆r = ∆ˆr
∣∣∣
M,N,q=0
= r2(λ2r2 + I1) +
1
4
I2 , (2.14)
∆y = ∆ˆy
∣∣∣
M,N,q=0
= y2(λ2y2 − I1) + 1
4
I2 , (2.15)
with I1, I2 being some first integrals of (2.1) related to the invariants (1.2) as follows
C2 = I1 , C4 = I
2
1 + λ
2I2 . (2.16)
Note that, generally, the metric (2.10) is complex. Reality of the metric requires
β1 = β2 =
1
2
. (2.17)
However, sometimes, it may be useful to consider complex metrics (for example, to
reproduce the double Kerr–Schild form [5]).
Black hole Maxwell field F = dA is generated by a one-form potential that, up to a
gauge freedom, can be chosen in the form
A =
r
r2 + y2
kidx
i. (2.18)
The metric (2.10) is valid for any values of its parameters. However, in the case of
zero NUT parameter N = 0 the flow integration can be performed differently giving
rise to a simpler expression for the black hole metric. In, particular we will show how
the familiar Kerr–Schild form for Kerr–Newman black hole [15] can be obtained in
arbitrary coordinates.
The solution (2.10) is characterized by two polynomial functions whose coefficients
are determined by six arbitrary parameters. It belongs to Petrov D-type [16] class
of solutions of Einstein–Maxwell equations including non-zero cosmological constant
and electro-magnetic field such that the two degenerate principal null congruences of
the Weyl tensor are aligned with the two principal null congruences of the Maxwell
tensor. M plays the role of mass, N is a NUT charge, λ2 is the cosmological term, I2 is
a rotational parameter a, and I1 is the Carter–Plebanski parameter which can be set
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equal to 1, 0 or -1 by a rescaling transformation discussed below. It will be shown that
q = 2(e2 + g2), where e and g are electric and magnetic charges respectively. Note,
that the charges enter (2.10) via q combination and thus can not be distinguished
unless some external charged fields introduced.
Particular solution types depend on the values of the curvature parameters –M,N,q
and sp(4) invariants. Let us enlist the main cases:
• Carter–Plebanski solution
All of the six parameters are non-zero. The metric is given by (2.10). It is easy to write
it down in the well-known Carter–Plebanski form [4, 5] setting α1 = α2 = β1 = β2 =
1
2
(see Subsection 9.1). The rotational parameter is a2 = I2/4, whereas the Carter–
Plebanski parameter is ǫ = I1.
• Double Kerr–Schild form of Carter–Plebanski
The gauge choice α1 = β1 = 1, α2 = β2 = 0 leads to the so called double Kerr–Schild
form of (2.10)
ds2 = ds20+
2r
r2 + y2
(
M− q
4r
)
kikjdx
idxj− 2y
r2 + y2
(
N+
q
4y
)
l+−i l
+−
j dx
idxj (2.19)
which is complex in Minkowski signature.
The following cases of zero NUT charge are important for physical applications:
• N = 0, C2 = 1 + λ2a2, C4 = C22 + 4λ2a2
This case provides Kerr–Newman solution with a being black hole angular momentum
per unit mass. The metric can be written down in the Kerr–Schild form [17]
ds2 = ds20 +
2Mr − q
r2 + y2
kikjdx
idxj . (2.20)
• N = 0, C4 = C22 (equivalently, KACKCB = C2δAB)
The particular case of non-rotating solution results from the further degeneration
I2 = 0, y = 0. It describes Reissner–Nordstro¨m solution. Again, one can conveniently
put the metric in Kerr–Schild form
ds2 = ds20 +
(
2M
r
− q
r2
)
kikjdx
idxj . (2.21)
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Let us note, that all listed solutions are invariant under the rescaling
KAB → µKAB , M→ µ3M , N→ µ3N , q2 → µ4q2 (2.22)
with real constant µ that yields
C2 → µ2C2 , C4 → µ4C4 . (2.23)
This means that among two kinematical parameters of (2.10) one can be always
chosen to be discrete 1, 0 or -1. Alternatively, using the scaling ambiguity (2.22) one
can scale away the mass parameterM that will then be represented by the parameter
ǫ.
In the following we will essentially use two-component spinor language which has
great advantages in 4d description, so let us proceed to Cartan formalism of gravity.
3 Cartan formalism
In Riemannian approach to black hole in AdS4 gravity the metric and Maxwell gauge
field verify Einstein–Maxwell equations
Rij = 3λ
2gij + Tij , (3.1)
DiF
i
j = 0 (3.2)
with the energy-momentum tensor of the form
Tij = 4(e
2 + g2)
(
FikFj
k − 1
4
gijFklF
kl
)
. (3.3)
Let us proceed to Cartan formulation of gravity. Let dxmΩm
ab be an antisymmetric
Lorentz connection one-form and dxmhm
a be a vierbein one-form. These can be iden-
tified with the gauge fields of the AdS4 symmetry algebra o(3, 2). The corresponding
AdS4 curvatures R
ab = 1
2
Rij
abdxi ∧ dxj and Ra = 1
2
Rij
adxi ∧ dxj have the form
Rab = dΩab +Ωac ∧Ωcb − λ2ha ∧ hb , (3.4)
Ra = dha +Ωac ∧ hc , (3.5)
where a, b, c = 0, . . . , 3 are Lorentz indices. Lorentz indices are raised and lowered
with the flat metric ηab = diag(1,−1,−1,−1). The zero-torsion condition Ra = 0
expresses algebraically the Lorentz connection Ω via derivatives of h. Then the λ-
independent part of the curvature two-form (3.4) identifies with the Riemann tensor.
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For the case of non-zero energy-momentum tensor it is convenient to decompose
the curvature two-form into its traceless part associated with the Weyl tensor and
tracefull one provided by Tij
Rab =
1
2
hc ∧ hdCcdab + 1
2
(haTb − hbTa) , (3.6)
where Cabcd is the Weyl tensor in the local frame, Cabcd = −Cbacd = −Cabdc = Ccdab
andTa = Tabh
b is a one-form associated with the energy-momentum tensor. Equation
(3.6) is equivalent to the metric form of Einstein equations (3.1) with the metric
gmn = hm
ahn
bηab . (3.7)
Now we proceed to spinor reformulation of Einstein–Maxwell theory. Einstein equa-
tion (3.6) and torsion-free condition (3.5) can be rewritten in the spinor notation
as follows5. Lorentz connection one-forms Ωαα, Ω¯α˙α˙ and vierbein one-form hαα˙ can
be identified with the gauge fields of sp(4) ∼ o(3, 2). It is easy to check that the
equivalent spinor form of (3.3) is
Tαα˙ββ˙ = −4(e2 + g2)FαβF¯α˙β˙ . (3.8)
It is obviously invariant under the electro-magnetic duality transformation
Fαα → eiθFαα, F¯α˙α˙ → e−iθF¯α˙α˙. (3.9)
Then Einstein equations with cosmological constant acquire the form6
Rαα = dΩαα + 1
2
Ωα
γ ∧Ωγα = λ
2
2
Hαα +
1
8
HγγCγγαα +
e2 + g2
2
H¯γ˙γ˙F¯γ˙γ˙Fαα (3.10)
R¯α˙α˙ = dΩ¯α˙α˙ + 1
2
Ω¯α˙
γ˙ ∧ Ω¯γ˙α˙ = λ
2
2
H¯α˙α˙ +
1
8
H¯γ˙γ˙C¯γ˙γ˙α˙α˙ +
e2 + g2
2
HγγFγγF¯α˙α˙ (3.11)
Rαα˙ = dhαα˙ + 1
2
Ωα
γ ∧ hγα˙ + 1
2
Ω¯α˙
γ˙ ∧ hαγ˙ = 0 , (3.12)
where Rαβ and R¯α˙β˙ are the components of the Loretnz curvature two-form
D2ξαα˙ = 1
2
Rαβξβα˙ + 1
2
R¯α˙β˙ξαβ˙ (3.13)
and
Hαα = hαα˙ ∧ hαα˙ , H¯α˙α˙ = hαα˙ ∧ hαα˙ . (3.14)
5See Appendix A for notation.
6The symmetrization over denoted by the same letter spinor indices is implied.
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4 AdS4 unfolded system
4.1 Killing equations unfolded
Let us formulate the unfolded system that describes AdS4 geometry along with some
its global symmetry. We start with an AdS4 Killing vector V
m and its covariant
derivative
κmn = DmVn, κmn = −κnm , (4.1)
which will be referred to as the Killing two-form or Papapetrou field.
Since the AdS4 Riemann curvature has vanishing Weyl tensor one can write down
the following system
DVαα˙ =
1
2
hγα˙κγα +
1
2
hα
γ˙
κ¯α˙γ˙ , (4.2)
Dκαα = λ
2hα
γ˙Vαγ˙ , (4.3)
Dκ¯α˙α˙ = λ
2hγα˙Vγα˙ , (4.4)
which is consistent provided that
Dhαα˙ = 0 , (4.5)
Rαα ≡ dΩαα + 1
2
Ωα
β ∧ Ωβα = λ
2
2
hαα˙ ∧ hαα˙ , (4.6)
R¯α˙α˙ ≡ dΩ¯α˙α˙ + 1
2
Ω¯α˙
β˙ ∧ Ω¯β˙α˙ =
λ2
2
hαα˙ ∧ hαα˙ , (4.7)
where hαα˙ is the AdS4 vierbein, Ωαα and Ω¯α˙α˙ are components of Lorentz connection,
D is the background Lorentz covariant differential and Rαα, R¯α˙α˙ are the components
of AdS4 curvature two-form
D2ξαα˙ =
1
2
Rα
βξβα˙ +
1
2
R¯α˙
β˙ξαβ˙.
The equations (4.2)–(4.7) can be rewritten in the manifestly AdS4 covariant form.
Indeed, let KAB be the AdS4 zero-form
KAB =
(
λ−1καβ Vαβ˙
Vβα˙ λ
−1
κ¯α˙β˙
)
, (4.8)
and ΩAB be the frame one-form
ΩAB =
(
Ωαβ −λhαβ˙
−λhβα˙ Ω¯α˙β˙
)
. (4.9)
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Then the manifestly sp(4) covariant form of the system (4.2)–(4.7) reads as
D0KAB = 0, (4.10)
R0AB ≡ dΩAB + 1
2
ΩA
C ∧ ΩCB = 0, (4.11)
where D0 is the AdS4 covariant differential. The first equation is the covariant con-
stancy condition for global symmetry parameter, while the second one describes AdS4.
Let us note, that the system (4.2)–(4.4) was used in [1] as a starting point in the
construction of the Kerr black hole unfolded system. The deformation was performed
in terms of Killing vector Vαα˙ and Papapetrou field καα, κα˙α˙. However, it turns out
more convenient to rescale the Papapetrou field appropriately, rewriting the AdS4
unfolded equations using the rescaled field. So, let us introduce self-dual Maxwell
tensor Fαα and its complex conjugate F¯α˙α˙ as
Fαα = −λ−2G3καα , F¯α˙α˙ = −λ−2G¯3κ¯α˙α˙ , (4.12)
where
G = λ
2
√−κ2 = (−F
2)1/4 , G¯ = λ
2
√−κ¯2 = (−F¯
2)1/4 (4.13)
and the roots on the right hand sides of (4.13) are chosen so as to have G and G
complex conjugated.
Then (4.2)–(4.4) can be rewritten as7
DVαα˙ =
1
2
ρ hγα˙Fγα +
1
2
ρ¯ hα
γ˙F¯α˙γ˙ , (4.14)
DFαα = − 3
2Gh
βγ˙V βγ˙F(ββFαα) , (4.15)
DF¯α˙α˙ = − 3
2G¯h
γβ˙Vγ
β˙F¯(β˙β˙F¯α˙α˙) . (4.16)
with
ρ = −λ2G−3, ρ¯ = −λ2G¯−3. (4.17)
In what follows this Killing–Maxwell system8 along with theAdS4 curvature equations
(4.5)–(4.7) will be referred to as AdS4 unfolded system. Note, that so defined field
strength (4.12) is well defined in the flat limit λ→ 0.
The important property of (4.14)–(4.16) is that Fαα and F¯α˙α˙ satisfy source-free
Maxwell equations and Bianchi identities
Dγα˙Fα
γ = 0 , Dαγ˙F¯α˙
γ˙ = 0. (4.18)
7Parentheses mean symmetrization over indices.
8The first step towards the analysis of Killing–Maxwell system was made by Carter in [18], where
the relation between sourceless Maxwell field and Killing–Yano tensor was discussed.
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Using (4.15) and (4.16) one obtains useful equations for G and G¯
dG = −1
2
hαα˙V αα˙Fαα, dG¯ = −1
2
hαα˙Vα
α˙F¯α˙α˙ . (4.19)
Unfolded equations (4.14)–(4.16) have a number of remarkable properties. In par-
ticular, the system can be shown to possess Killing–Yano tensor and another Killing
vector built of Vαα˙ and Fαα, F¯α˙α˙. These properties are summarized in Appendix E.
An important property related to the description of the kinematical parameters of
4d black holes is that the system (4.14)–(4.16) possesses two first integrals
I1 = V
2 − λ
2
2
(
1
G2 +
1
G¯2
)
, (4.20)
I2 =
1
G3G¯3V
αα˙V αα˙FααF¯α˙α˙ − V 2
(
1
G2 +
1
G¯2
)
+
λ2
4
(
1
G2 −
1
G¯2
)2
, (4.21)
where V 2 = 1
2
Vαα˙V
αα˙. Using (4.14)–(4.16) one can straightforwardly check that
dI1 = 0 and dI2 = 0. Obviously enough, these conserved quantities are related to
two invariants of sp(4) algebra as we will see more explicitly in Subsection 4.4.
Finally, AdS4 unfolded system is invariant under the following transformation
τµ : (Vαα˙, Fαα, F¯α˙α˙)→ (µVαα˙, 1
µ|µ|Fαα,
1
µ|µ|F¯α˙α˙), (4.22)
where µ is a real parameter. Yet another symmetry of the system is the parity
transformation
π : (Vαα˙, hαα˙)→ (−Vαα˙,−hαα˙). (4.23)
4.2 Killing projectors
As explained in [1], the key element of the black hole unfolding, that eventually
gives rise to (2.10), is the construction of Kerr–Schild vectors out of the AdS4 global
symmetry parameter. The proposed procedure is essentially four-dimensional being
based on certain projectors we are in a position to define, namely, we split the spinor
space into two orthogonal sectors using the projectors constructed from the Maxwell
field. In what follows they will be referred to as Killing projectors.
Let two pairs of mutually conjugated projectors Π±αβ and Π¯
±
α˙β˙
have the form
Π±αβ =
1
2
(ǫαβ ± 1G2Fαβ), Π¯
±
α˙β˙
=
1
2
(ǫα˙β˙ ±
1
G¯2 F¯α˙β˙) , (4.24)
so that
Π+αβ +Π
−
αβ = ǫαβ , Π¯
+
α˙β˙
+ Π¯−
α˙β˙
= ǫα˙β˙ , (4.25)
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and
Π±α
βΠ±βγ = Π
±
αγ , Π
±
α
βΠ∓βγ = 0 , Π¯
±
α˙
β˙Π¯±
β˙γ˙
= Π¯±α˙γ˙ , Π¯
±
α˙
β˙Π¯∓
β˙γ˙
= 0 . (4.26)
From the definition (4.24) it follows
Π±αβ = −Π∓βα , Π¯±α˙β˙ = −Π¯∓β˙α˙ . (4.27)
From (4.24), (4.15) and (4.19) one finds the following differential properties
DΠ±αβ = ±
G
2
(Π+αγΠ
+
βγ +Π
−
αγΠ
−
βγ)h
γ
γ˙V
γγ˙ , (4.28)
DΠ¯±
α˙β˙
= ±G¯
2
(Π¯+α˙γ˙Π¯
+
β˙γ˙
+ Π¯−α˙γ˙Π¯
−
β˙γ˙
)hγ
γ˙V γγ˙ . (4.29)
Hereinafter we will focus on the holomorphic (i.e., undotted) sector of the system.
All relations in the antiholomorphic sector result by conjugation.
The projectors (4.24) split the two-dimensional (anti)holomorphic spinor space into
the direct sum of two one-dimensional subspaces. For any ψα we set
ψ±α = Π
±
α
βψβ , ψ
+
α + ψ
−
α = ψα, (4.30)
so that Π∓α
βψ±β = 0 . This allows us to build light-like vectors with the aid of the
projectors. Indeed, consider an arbitrary vector Vαα˙. Using (4.24) define V
±
αα˙ and
V ±∓αα˙ as
V ±αα˙ = Π
±
α
βΠ¯±α˙
β˙Vββ˙ , V
+−
αα˙ = Π
+
α
βΠ¯−α˙
β˙Vββ˙ , V
−+
αα˙ = Π
−
α
βΠ¯+α˙
β˙Vββ˙ . (4.31)
Since the projectors have rank one, they can be expressed via a pair of some basis
spinors (ξα, ηα) as follows
Π+αβ =
ηαξβ
ηγξγ
, Π−αβ =
ξαηβ
ξγηγ
. (4.32)
Obviously, V ±
αβ˙
V ±αγ˙ = 0 and V ±αα˙V
±βα˙ = 0. Then V ±αα˙ and V
±∓
αα˙ can be cast into the
form
V −αα˙ = ξαξ¯α˙, V
+
αα˙ = ηαη¯α˙, V
+−
αα˙ = q ηαξ¯α˙, V
−+
αα˙ = q¯ ξαη¯α˙, (4.33)
where q(x) and q¯(x) are some complex functions. As a consequence of (4.32), we also
have
Fαα = 2G2 ξαηα
ηγξγ
. (4.34)
15
Now, from (4.33) it is obvious that
V ±
αβ˙
V ±βα˙ = V
±
αα˙V
±
ββ˙
, V −+
αβ˙
V +−βα˙ = −
(V −+V +−)
(V −V +)
V −αα˙V
+
ββ˙
, (4.35)
where
(AB) = Aαα˙B
αα˙.
Also note that
V 2 = (V +V −) + (V +−V −+) = (1− qq¯)(V +V −). (4.36)
It is worth to note that according to Papapetrou [19] any stationary axisymmetric
solution of empty-space Einstein’s equations have a discrete symmetry upon simul-
taneous inversion of the angular and time Killing vectors. Boyer and Lindquist [20]
have written a special transformation which casts the empty-space Kerr metric into
a form manifestly invariant under such an inversion. In the AdS unfolded system,
this symmetry is τ−1 (4.22) that interchanges the projectors
τ−1 : Π
±
αβ → Π∓αβ , Π¯±α˙β˙ → Π¯∓α˙β˙. (4.37)
4.3 Kerr–Schild null-vector basis
Now we are in a position to introduce the complete set of null-vectors (complex null
tetrad)
kαα˙ =
2
(V +V −)
V −αα˙, nαα˙ =
2
(V +V −)
V +αα˙, (4.38)
l+−αα˙ =
2
(V +−V −+)
V +−αα˙ , l
−+
αα˙ =
2
(V +−V −+)
V −+αα˙ . (4.39)
Note, that kαα˙ and nαα˙ are real vectors, whereas l
+−
αα˙ and l
−+
αα˙ are mutually conjugated
l+−αα˙ = l¯
−+
αα˙ .
The discrete symmetry τ−1 (4.37) interchanges the null-vectors
τ−1 : kαα˙ → nαα˙, (4.40)
τ−1 : l
+−
αα˙ → l−+αα˙ . (4.41)
Schematically, in terms of spinors (4.32), one can think of these null vectors as
kαα˙ ∼ ξαξ¯α˙ , nαα˙ ∼ ηαη¯α˙ , l+−αα˙ ∼ ηαξ¯α˙ , l−+αα˙ ∼ ξαη¯α˙ . (4.42)
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It is convenient to arrange this set of null-vectors into the array
eI,αα˙ =
(
kαα˙, nαα˙, l
+−
αα˙ , l
−+
αα˙
)
(4.43)
with the evident properties
eI,αα˙eI,
αα˙ = 0,
1
2
eI,αα˙V
αα˙ = 1, (4.44)
where I = 1, . . . , 4 (no summation over I). Obviously,
(e1 e2) =
4
(V +V −)
, (e3 e4) =
4
(V +−V −+)
. (4.45)
From (4.14)–(4.16) it follows that
DeI,αα˙ = (−1)σI G
4
(
ρGeI,αα˙eI,ββ˙ + eI,βγ˙Vαγ˙eI,γα˙Vγβ˙
)
hββ˙
+ (−1)σ¯I G¯
4
(
ρ¯ G¯eI,αα˙eI,ββ˙ + eI,αγ˙Vβγ˙eI,γ β˙Vγα˙
)
hββ˙ , (4.46)
where σI counts the number of ηα in eI,αα˙ (4.43), i.e., σI = (0, 1, 1, 0) and σ¯I counts
the number of η¯α˙, i.e., σ¯I = (0, 1, 0, 1).
A simple consequence of (4.46) and (4.42) is that eI,αα˙ obey the geodesity condition
eI,
αα˙Dαα˙eI,ββ˙ = 0 . (4.47)
(No summation over I). In other words, all null-vectors (4.38) and (4.39) are Kerr–
Schild, that is light-like and each satisfying (4.47). In addition, eI,αα˙ are eigenvectors
of the Maxwell tensors Fαα, F¯α˙α˙ as follows from (4.38), (4.39) and (4.33)
FαβeI,
β
α˙ = (−1)σIG2eI,αα˙, (4.48)
F¯α˙β˙eI,α
β˙ = (−1)σ¯I G¯2eI,αα˙. (4.49)
For the tensor version of these and related formulae we refer the reader to Appendix
D.
As a consequence of (4.14)–(4.16) and (4.19) the following properties can be verified
Dαα˙eI,
αα˙ = −2((−1)σIG + (−1)σ¯I G¯) , eI,αα˙Dαα˙G = 2(−1)σIG2 , (4.50)
Dαα˙(((−1)σ¯IG + (−1)σI G¯)eI,αα˙) = −4GG¯ , Dαα˙(GG¯eI,αα˙) = 0 , (4.51)
eI,α
α˙Dαα˙eI,γγ˙ = (−1)σIGeIαα˙Vγα˙eI,αγ˙. (4.52)
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Using (4.19) and (4.46) one can make sure that each Kerr–Schild vector (4.43) gen-
erates the Maxwell field (4.12) via
Fαα =
1
2
Dαα˙((G + (−1)σI+σ¯I G¯)eI,αα˙), (4.53)
F¯α˙α˙ =
1
2
Dαα˙((G¯ + (−1)σI+σ¯IG)eI,αα˙) . (4.54)
Now let us give the explicit expressions for (V +V −) and (V +−V −+) which will be
useful in what follows. Using (4.20) and (4.21) and making change of variables (2.9)
we obtain
(V +V −) =
∆r
r2 + y2
, (4.55)
(V +−V −+) = − ∆y
r2 + y2
, (4.56)
with
∆r = r
2(λ2r2 + I1) +
I2
4
, (4.57)
∆y = y
2(λ2y2 − I1) + I2
4
. (4.58)
The important remark is that this way we define the so called Carter canonical
coordinates r and y (see [33] for more detail) which naturally arise in our approach,
being related to the Maxwell field.
Let us introduce one-forms EI corresponding to the null-vectors (4.43) which will play
an important role in metric construction
EI = 1
2
eI,αα˙h
αα˙ = (K,N, L+−, L−+) . (4.59)
Using (4.53) and (4.54) we observe that the vector-potentials
A1,2 =
r
r2 + y2
E1,2 (4.60)
generate the same Maxwell tensor field F = dA1,2.
The second pair of vector-potentials
A3,4 =
y
r2 + y2
E3,4 (4.61)
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gives the Hodge dual field strength ∗F = dA3,4.
One can check that
K −N = 2(r
2 + y2)
∆r
dr, L+− − L−+ = 2(r
2 + y2)
i∆y
dy. (4.62)
From here it is obvious that the one-form potentials A1,2 (4.60) ( A3,4 (4.61)) belong
to the same gauge class and generate the same Maxwell field Fij (∗Fij).
4.4 AdS4 invariants
To reveal the algebraic nature of the first integrals (4.20) it is instructive to use the
AdS4 covariant form (4.10)–(4.11) of the unfolded system (4.2)–(4.7).
Consider the AdS4 invariants constructed out of KAB. Calculation of the square of
KAB yields
KACK
C
B =
(
(V 2 + λ−2κ2)εαβ λ
−1(καγV
γ
β˙ − κ¯γ˙β˙Vαγ˙)
−λ−1(κβγV γα˙ − κ¯γ˙α˙Vβγ˙) (V 2 + λ−2κ¯2)εα˙β˙
)
. (4.63)
AdS4 indices are raised and lowered with the aid of canonical sp(4)-form (see Ap-
pendix A). All higher powers of KAB have the same structure with the scalar coeffi-
cients changed. The two independent sp(4) invariants are
C2 =
1
4
KABK
AB = I1, (4.64)
C4 =
1
4
Tr(K4) = I21 + λ
2I2, (4.65)
where I1,2 are defined in (4.20) and (4.21). Note that all odd invariants are zero
1
4
Tr(Kn) = 0 , for odd n. All higher even invariants are expressed in terms of C2,4
(equivalently, I1,2) in the agreement with the fact that the algebra sp(4) has rank
two.
Few comments are now in order. First of all, as follows from (4.22), τµ symmetry
makes it possible to set one of the AdS4 invariants to 1, 0 or -1. As we will seen
it gives a black hole two kinematic parameters one of which can be always taken
discrete by diffeomorphism. Another observation is that the Kerr–Schild vectors l+−αα˙
and l−+αα˙ may not exist for some values of AdS4 invariants. Indeed, consider the case
with KA
CKBC ∼ δAB where
C4 = C
2
2 . (4.66)
It is easy to see, that in this case
καγV
γ
β˙ = κ¯γ˙β˙Vα
γ˙. (4.67)
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Direct consequence of (4.67) is
κ
2 = κ¯2, G = G¯. (4.68)
From (4.63) and (4.67) it follows that
KACK
C
B = C2
(
εαβ 0
0 εα˙β˙
)
. (4.69)
Using the definition (4.31) and (4.32) we have
Vαα˙ = V
+
αα˙ + V
−
αα˙ + V
+−
αα˙ + V
−+
αα˙ . (4.70)
Substituting (4.70) into (4.67) and using (4.33), (4.34) we find
V +−αα˙ = V
−+
αα˙ = 0. (4.71)
Then from (4.39) it follows that
l+−αα˙ →∞ , l−+αα˙ →∞ . (4.72)
Moreover, taking into account (4.56) we obtain I2 = 0. As we will see later this
case provides a black hole with vanishing rotation parameter and only one non-zero
invariant C = I1 , while I2 = 0.
5 Black hole unfolded system
The equations (4.14)–(4.16) admit a natural deformation of the AdS4 unfolded sys-
tem, that preserves its Killing and Maxwell properties, i.e., we require the deformed
unfolded system to be built of Killing vector and source-free Maxwell tensor. As we
will see this deformation describes generic AdS4 black hole.
Let us relax the equation (4.17) for ρ in (4.14) by allowing it to be an arbitrary
function of G and G¯
ρ = ρ(G, G¯) . (5.1)
In this case the consistency condition for the system (4.14)–(4.16) turns out to be
very restrictive. Solving Bianchi identities for (4.14)–(4.16) and taking (5.1) into
account we find the following most general solution for ρ
ρ =M− λ2G−3 − q G¯ , (5.2)
where M and q are, respectively, arbitrary complex and real parameters.
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As a result the complete consistent deformed unfolded equations read
DVαα˙ = 1
2
ρhγα˙Fγα +
1
2
ρ¯hα
γ˙F¯α˙γ˙ , (5.3)
DFαα = − 3
2Gh
βγ˙Vβγ˙F(ββFαα) , (5.4)
DF¯α˙α˙ = − 3
2G¯h
γβ˙Vγ β˙F¯(β˙β˙F¯α˙α˙) , (5.5)
with the following curvature two-forms
Rαα = λ
2
2
Hαα − 3(M− q G¯)
4G H
ββF(ββFαα) +
q
4
H¯β˙β˙F¯β˙β˙Fαα , (5.6)
R¯α˙α˙ = λ
2
2
H¯α˙α˙ − 3(M− qG)
4G¯ H¯
β˙β˙F¯(β˙β˙F¯α˙α˙) +
q
4
HββFββF¯α˙α˙ , (5.7)
Dhαα˙ = 0 , (5.8)
and
ρ = M− λ2G−3 − q G¯, ρ¯ =M− λ2G¯−3 − qG (5.9)
G = (−F 2)1/4, G¯ = (−F¯ 2)1/4, (5.10)
where Hαα and H¯α˙α˙ are defined by (3.14), Rαα and R¯α˙α˙ are the curvatures (3.10)
and (3.11). For G and G¯ one finds the same consequence as (4.19)
dG = −1
2
hαα˙Vαα˙Fαα, dG¯ = −1
2
hαα˙Vαα˙F¯α˙α˙ . (5.11)
The last term in (5.6) and (5.7) has the form of energy-momentum tensor for Maxwell
field and is invariant under U(1) rotations (3.9). Then the integration constant q is
interpreted as the sum of squares of the electric and magnetic charges and can be
written as q = 2(e2 + g2).
We call the system (5.3)–(5.10) black hole unfolded system (BHUS). (Note, that the
BHUS of [1] is a particular case of (5.3)–(5.10) with M = M and q = 0.) The
Weyl tensor it yields is of Petrov D-type. Comparing (5.6) and (5.7) with (3.10)
and (3.11) we find out that the deformation (5.1) of AdS4 algebra leads to vacuum
Maxwell-Einstein equations, with the Maxwell tensor Fαα and Weyl tensor given by
Cαααα = −6(M− q G¯)G FααFαα . (5.12)
It follows from (4.22) and (4.23) that it is τµ−invariant in accordance with [21] where
it was shown that the Papapetrou’s result concerning additional discrete symmetry
21
can be generalized to non-empty spaces with the matter tensor invariant under si-
multaneous inversion of the time and axial angle and that this holds automatically
in the case of source-free electromagnetic field.
By analogy with the AdS4 case, using (5.3)–(5.5) one can straightforwardly check
that the following expressions conserve in BHUS
I1 = V2 −MG −MG¯ − λ
2
2
(
1
G2 +
1
G¯2
)
+ qGG¯ , (5.13)
I2 = 1G3G¯3V
αα˙Vαα˙FααF¯α˙α˙ − 2
(M
G +
M
G¯
)
− I1
(
1
G2 +
1
G¯2
)
− λ
2
4
(
1
G4 +
1
G¯4
)
− 3λ
2
2G2G¯2 .(5.14)
dI1 = dI2 = 0 .
In other words I1 and I2 are the first integrals in the unfolded system.
Remarkably, all the differential and algebraic properties of BHUS literally coincide
with those of the vacuum AdS4 system of Section 4 with (4.20), (4.21) replaced by
(5.13), (5.14) and (4.57), (4.58) by
∆ˆr = 2Mr + r
2(λ2r2 + I1) + 1
2
(−q + I2
2
), (5.15)
∆ˆy = 2Ny + y
2(λ2y2 − I1) + 1
2
(q+
I2
2
) , (5.16)
where
M =
1
2
(M+M) , N = 1
2i
(M−M) . (5.17)
In Subsection 9.1 we will see that M and N can be interpreted as mass and NUT-
parameter of a black hole. Analogously, one can build Kerr–Schild vectors in the
system using the same projector procedure. The differential properties of these Kerr–
Schild vectors are given by (4.46)–(4.49) with the function ρ of the form (5.9). Using
(5.13) and (5.14) and making the change of variables (2.9) we obtain
(V+V−) = ∆ˆr
r2 + y2
, (5.18)
(V+−V−+) = − ∆ˆy
r2 + y2
, (5.19)
Vector potentials for Maxwell tensor and its Hodge dual again read as
A1,2 =
r
r2 + y2
Eˆ1,2, A3,4 = y
r2 + y2
Eˆ3,4, (5.20)
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where
EˆI = 1
2
eˆI,αα˙h
αα˙ = (Kˆ, Nˆ , Lˆ+−, Lˆ−+) . (5.21)
Here
eˆI,αα˙ = (kˆαα˙, nˆαα˙, lˆ
+−
αα˙ , lˆ
−+
αα˙ ) (5.22)
are defined the same way as in (4.43). Recall, that (un)hatted quantities are associ-
ated with the (un)deformed unfolded system.
The following relations remain true
Kˆ − Nˆ = 2(r
2 + y2)
∆ˆr
dr, Lˆ+− − Lˆ−+ = 2(r
2 + y2)
i∆ˆy
dy . (5.23)
Again, Kˆ and Nˆ are real one-forms, while Lˆ+− and Lˆ−+ are complex conjugated.
Finally, A1,2 generate the same Maxwell tensor Fij and A3,4 generate ∗Fij .
The free and deformed unfolded systems are similar in many respects. In particular,
they have the same number of first integrals, Kerr– Schild vectors, both have source-
free Maxwell and closed Killing–Yano tensors. AtM = 0, q = 0 the two systems just
coincide. All this suggests that there should be some integrating flow with respect to
the parametersM and q that maps one system to another. The existence of such an
integrating flow is also natural in the context of expected relationship of the proposed
construction with yet unknown black hole solution of the nonlinear higher spin gauge
theory. Indeed, the integrating flow approach we are about to explore is to large
extend analogous to the integrating flow in higher spin gauge theory [7] that maps
solutions on nonlinear higher spin equations to those of free higher spin equations.
6 Integrating flow
Now we are in a position to construct the integrating flows with respect to M and
q. The benefit of using the integrating flows which are first order differential equa-
tions with respect to the modules of the black hole solution is that by solving these
equations it is easy to reconstruct the black hole solutions in terms of the initial
data that describe the vacuum AdS4 geometry. In other words, the idea is to obtain
complicated black hole solutions of Einstein theory as solutions of simple and easily
integrable flow equations whose form is fixed by the formal consistency conditions[
∂
∂M ,
∂
∂xm
]
=
[
∂
∂M ,
∂
∂xm
]
=
[
∂
∂q
,
∂
∂xm
]
=
[
∂
∂M ,
∂
∂q
]
=
[
∂
∂M ,
∂
∂M
]
= 0
(6.1)
with equations (5.3)–(5.5), (5.8).
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We require the Maxwell tensor to be constant along the flows and hence so are G and
G¯ (equivalently, r and y)
∂
∂MFαα =
∂
∂MFαα =
∂
∂q
Fαα = 0 . (6.2)
Although the requirement (6.2) is not necessary, it drastically simplifies the analysis.
Also it is natural in a sense that known examples of black holes curvature tensors
can be reduced to the form that agrees with (6.2). Indeed, the condition (6.2) turns
out to be consistent with (5.3)–(5.5). Note, that the integrating flow with respect to
M can be obtained by complex conjugation of the M-flow9. Leaving the detail of
derivation for Appendix C, the final result for the integrating flows is
∂MVαα˙ =
4∑
I=1
φI eˆI,αα˙ , ∂Mhαα˙ =
4∑
I=1
φI eˆI,αα˙EˆI (6.3)
and
∂qVαα˙ =
4∑
I=1
ψI eˆI,αα˙ , ∂qhαα˙ =
4∑
I=1
ψI eˆI,αα˙EˆI , (6.4)
For the generic case with arbitrary complex M the functions φI and ψI read
φ1 =
G + G¯
4
α1(r) , φ2 =
G + G¯
4
α2(r) , (6.5)
φ3 =
G − G¯
4
β1(y) , φ4 =
G − G¯
4
β2(y) (6.6)
and
ψ1 = −GG¯
4
θ1(r) , ψ2 = −GG¯
4
θ2(r) , (6.7)
ψ3 = −GG¯
4
ϑ1(y) , ψ4 = −GG¯
4
ϑ2(y) , (6.8)
where functions α, β, θ, ϑ satisfy the constraints
α1(r) + α2(r) = β1(y) + β2(y) = 1 , (6.9)
θ1(r) + θ2(r) = 1− γ
2
, ϑ1(y) + ϑ2(y) = 1 +
γ
2
(6.10)
and
α1(r)θ2(r) = α2(r)θ1(r) , β1(y)ϑ2(y) = β2(y)ϑ1(y) , (6.11)
9Strictly speaking it is true given the reality conditions (6.12) imposed.
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where γ is an arbitrary real constant. In addition, we assume that α, β, θ, ϑ, γ are
M- and q-independent. The reality condition for the gravitational fields requires in
addition
β1(y) = β2(y) =
1
2
, ϑ1(y) = ϑ2(y) =
1
2
+
γ
4
. (6.12)
Note that sometimes it is useful to deal with complex metric (particularly, with its
double Kerr–Schild form).
The flows (6.3), (6.4) also imply
∂MI1 = ∂MI2 = 0 , ∂qI1 = 0 , ∂qI2 = γ . (6.13)
Let us emphasize, that the arbitrary functions α1,2(r), β1,2(y) and γ represent the
pure gauge ambiguity. These arise as integration constants in the integrating flow
equations (see Appendix B) and restricted only by the reality condition (6.12) if
necessary. This gauge ambiguity encodes in a rather nontrivial way the ambiguity in
the choice of one or another coordinate system, giving the integrating flow approach
the wide area of applicability.
Note, that the case of M = M and q = 0 was considered in [1] within the same
unfolded approach. However, the simple Kerr–Schild shift used there to map BHUS
into the free AdS4 system does not work when M 6= ±M. The reason is that the
Kerr–Schild shift used in [1] is not compatible with the reality of metric in this case.
The answer in terms of the integrating flow reduces to different constraint conditions
for flow functions (see Appendix B).
In the case M = M, we perform different flow integration, than that of general
complex M, resulting in notable simplification of (6.3), (6.4). In this case we fix the
gauge freedom as follows
φ1 =
1
2
(G + G¯) , φ2 = φ3 = φ4 = 0 , (6.14)
ψ1 = −1
2
GG¯ , ψ2 = ψ3 = ψ4 = 0 . (6.15)
This in turn implies
∂MI1 = ∂MI2 = 0 , ∂qI1 = 0 , ∂qI2 = −2 . (6.16)
Note, that the difference between the cases with M = ±M and M 6= ±M arises as
a consequence of the possibility to replace the two flows with respect to M and M
in the latter case by a single flow with respect to M in the former. (For more detail
see Appendix B.)
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Let us stress, that the condition (6.2) has been extensively used in the derivation of
(6.3), (6.4). The obtained integrating flows can be explicitly integrated, giving the
AdS4 covariant and coordinate-free description of a black hole metric as we demon-
strate in the next section.
The following comment is now in order. In the derivation of the integrating flow
equations we have fixed the gauge freedom. In principle, this could have been done
in variety of ways keeping one or another amount of arbitrary gauge parameters.
Our strategy was to leave those as few as possible, though still enough to encompass
the most important representations, such as Kerr–Schild, double Kerr–Schild and the
generalized Carter–Plebanski. In principle one can think of further generalization of
the form of the integrating flows to describe even more general forms of the black
hole solutions.
7 Flow integration with AdS4 initial data
7.1 Solution for Kerr–Schild vectors
To restore BHUS frame fields from integrating flow equations it is convenient to start
with Kerr–Schild vectors. Let us start with the generic case of arbitrary complexM.
It is convenient to restrict the integrating flow gauge parameters (6.9)–(6.11) as fol-
lows
α1(r) = θ1(r) , α2(r) = θ2(r) , β1(y) = ϑ1(y) , β2(y) = ϑ2(y) , γ = 0 . (7.1)
Note that this gauge choice is compatible with the reality condition (6.12) only if
β1 = β2 = 1/2. As already mentioned, the other choices may still be useful to
incorporate the double Kerr–Schild form of the complex black hole metric.
As explained in Appendix C, the flow equations (6.3), (6.4) for the Kerr–Schild vectors
give
kˆαα˙ = k1,αα˙
(
∆r
∆ˆr
)α2
, nˆαα˙ = nαα˙
(
∆r
∆ˆr
)α1
, (7.2)
lˆ+−αα˙ = l
+−
αα˙
(
∆y
∆ˆy
)β2
, lˆ−+αα˙ = l
−+
αα˙
(
∆y
∆ˆy
)β1
, (7.3)
where the unhatted quantities correspond to the initial data of the AdS4 unfolded
system (4.14)–(4.16)
∆r,y = ∆ˆr,y
∣∣∣
M,M,q=0
, eI,αα˙ = eˆI,αα˙|M,M,q=0 . (7.4)
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Analogously, the integration of the Kerr–Schild one-forms EˆI (5.21) gives
Kˆ = K − α2(r)∆ˆr −∆r
∆ˆr
(K −N) , Nˆ = N − α1(r)∆ˆr −∆r
∆ˆr
(N −K) , (7.5)
Lˆ+− = L+−−β2(y)∆ˆy −∆y
∆ˆy
(L+−−L−+), Lˆ−+ = L−+−β1(y)∆ˆy −∆y
∆ˆy
(L−+−L+−) .
(7.6)
Note, that
α1K + α2N = α1Kˆ + α2Nˆ , (7.7)
β1L
+− + β2L
−+ = β1Lˆ
+− + β2Lˆ
−+. (7.8)
Note also that Lˆ+− and Lˆ−+ are complex conjugated only if β1 = β2 =
1
2
. The first
integrals for that particular gauge choice (7.1) coincide with those of AdS4
I1 = I1 , I2 = I2 . (7.9)
Now consider the special case ofM =M. Using the simplest gauge choice for the flow
coefficients (6.14), (6.15) the integration of the vierbein field gives the Kerr–Schild
form
kˆαα˙ = kαα˙ , Kˆ = K , (7.10)
hαα˙ = hαα˙ +
1
2
(
M(G + G¯)− qGG¯
)
kαα˙K (7.11)
with
I1 = I1 , I2 = I2 − 2q . (7.12)
Let us stress again that for C4 = C
2
2 the Kerr–Schild vectors l
+−
αα˙ and l
−+
αα˙ are ill-
defined already in the vacuum AdS4 geometry and hence the vectors lˆ
+−
αα˙ and lˆ
−+
αα˙ can
not be expressed in terms of their AdS4 counterparts.
The following comment is now in order. The AdS4 unfolded system (4.14)–(4.16) ad-
mits well defined flat limit λ→ 0. Therefore one can integrate BHUS with Minkowski
space-time set of initial data by introducing an additional flow with respect to cosmo-
logical constant λ2. In this case BHUS first integrals would be related to invariants
of Poincare´ algebra and the solution would be written in Minkowski covariant way.
We, however, prefer to work in AdS4 covariant way rather than in Poincare´.
7.2 AdS4 covariant form of a black hole metric
The obtained Kerr–Schild vectors and one-forms (7.2), (7.3), (7.5), (7.6) allow us
to reconstruct black hole vierbein and metric. Let us consider the generic case of
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arbitrary complex M. To reproduce the metric we use the following identity
hαα˙ =
2
(kˆnˆ)
(kˆαα˙Nˆ + nˆαα˙Kˆ) +
2
(lˆ+−lˆ−+)
(lˆ+−αα˙ Lˆ
−+ + lˆ−+αα˙ Lˆ
+−) , (7.13)
which arises as a consequence of the completeness relation for two-component spinors
ǫαβǫα˙β˙ =
1
(kˆnˆ)
(kˆαα˙nˆββ˙ + nˆαα˙kˆββ˙) +
1
(lˆ+−lˆ−+)
(lˆ+−αα˙ lˆ
−+
ββ˙
+ lˆ−+αα˙ lˆ
+−
ββ˙
) , (7.14)
which can be straightforwardly checked using (4.33). Substituting (7.2), (7.3), (7.5),
(7.6) into (7.13) we restore vierbein in a coordinate-independent way.
The metric is
ds2 =
1
2
hiαα˙hj
αα˙dxidxj . (7.15)
Substituting (7.13) we obtain coordinate-independent representation for the metric
in the form
ds2 =
∆ˆr
r2 + y2
KˆNˆ − ∆ˆy
r2 + y2
Lˆ+−Lˆ−+, (7.16)
where ∆ˆr and ∆ˆy are defined in (5.15) and (5.16), respectively. Now with the help of
(7.5) and (7.6) one can rewrite the metric in terms of AdS4 fields (4.14)–(4.16)
ds2 = ds20 +
2Mr − q/2
r2 + y2
(α1(r)K + α2(r)N)
2 − 2Ny + q/2
r2 + y2
(β1(y)L
+− + β2(y)L
−+)2
+ 4α1(r)α2(r)
r2 + y2
∆r∆ˆr
(2Mr − q/2)dr2 − 4β1(y)β2(y)r
2 + y2
∆y∆ˆy
(2Ny + q/2)dy2,
(7.17)
where α1(r) + α2(r) = β1(y) + β2(y) = 1 and ds
2
0 is the background AdS4 metric
which can be represented in the form analogous to (7.16)
ds20 =
∆r
r2 + y2
KN − ∆y
r2 + y2
L+−L−+. (7.18)
The reality condition for (7.17) requires
β1 = β2 =
1
2
. (7.19)
The case of complex metric with, say, α1 = β1 = 1, α2 = β2 = 0 yields the double
Kerr–Schild form of (7.17)
ds2 = ds20+
2r
r2 + y2
(
M− e
2 + g2
2r
)
KK− 2y
r2 + y2
(
N+
e2 + g2
2y
)
L+−L+− , (7.20)
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which might be useful as it satisfies both linearized and nonlinear Einstein–Maxwell
equations10.
To reveal physical meaning of the metric (7.17) let us first recall its parameter space.
There are three parameters M, N, q and λ that cannot be redefined by diffeomor-
phisms as they enter the Riemann curvature tensor in (5.6), (5.7). Then, there are
two parameters associated with the first integrals (7.9) and expressed via AdS4 in-
variants by (4.64), (4.65). These are so called kinematical parameters one of which
can be always chosen to be -1, 0 or 1. Indeed, the obtained integrating flow trans-
forms BHUS into AdS4 global symmetry parameter equation (4.10), (4.11) which is
invariant under rescaling (2.22). This allows us to set, say, C2 = ±1 or 0.
As a result, the diffeomophism invariant black hole parameter space consists of three
curvature parameters M, N, q (and λ) and two kinematical ones, discrete C2 and
continuous C4.
Let us show that (7.17) is nothing but a coordinate-independent realization of the
AdS4-Kerr–Newman-Taub-NUT solution originally discovered by Carter [4] and Ple-
banski [5]. To this end we choose certain two-parametric coordinate realization of
AdS4 space that covers whole range of values of invariants for a particular AdS4
Killing vector and calculate the resulting metric (7.17).
8 Coordinate realization of AdS4 background
Following [4] it is convenient to specify AdS4 metric in certain two-parametric form.
Using the coordinate system {τ, ψ, r, y} AdS4 metric can be written down in the form
ds20 =
∆r
r2 + y2
(dτ + y2dψ)2 − ∆y
r2 + y2
(dτ − r2dψ)2 − r
2 + y2
∆r
dr2 − r
2 + y2
∆y
dy2 , (8.1)
where
∆r = r
2(λ2r2 + ǫ) + a2, ∆y = y
2(λ2y2 − ǫ) + a2. (8.2)
The parameters a and ǫ that enter the AdS4 metric (8.1) as pure gauge arbitrary
constants11 become the Carter–Plebanski black hole kinematic parameters upon AdS4
deformation. The metric verifies AdS4 Einstein equations and provides
Rij = 3λ
2gij . (8.3)
Now, the ∂
∂t
Killing vector
V i = {1, 0, 0, 0} (8.4)
10Note, that (7.20) becomes real upon Wick rotation to (2,2) signature.
11a2 can be chosen to be negative as well.
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renders via (4.14) the source-free Maxwell two-form
F =
1
(r2 + y2)2
((dτ + y2ψ) ∧ (r2 − y2)dr + 2(dτ − r2ψ) ∧ rydy) , (8.5)
that can be generated by the vector potential one-form
F = dA , A =
r
r2 + y2
(dτ + y2ψ). (8.6)
Maxwell tensor (8.5) along with the Killing vector (8.4) fulfill AdS4 unfolded equations
(4.14)–(4.16). Coordinates r and y can be checked to coincide with the canonical
coordinates (2.9).
Using (4.38) and (4.39) we find Kerr–Schild one-forms in the specified coordinates
K = dτ + y2dψ +
r2 + y2
∆r
dr, N = dτ + y2dψ − r
2 + y2
∆r
dr, (8.7)
L+− = dτ − r2dψ + r
2 + y2
i∆y
dy, L−+ = dτ − r2dψ − r
2 + y2
i∆y
dy . (8.8)
Note, that having expressions for background one-forms (8.7) and (8.8) it is easy to
calculate coordinate form of Killing–Yano and closed Killing–Yano tensors (E.2) and
(E.5), respectively
Y = ydr ∧ (dt+ y2dψ) + rdy ∧ (dt− r2dψ), (8.9)
∗Y = rdr ∧ (dt+ y2dψ)− ydy ∧ (dt− r2dψ). (8.10)
The first integrals for the AdS4 unfolded system (4.20), (4.21) amount to
I1 = ǫ , I2 = 4a
2 (8.11)
The obtained AdS4 formulae lead to the Carter–Plebanski metric.
9 Particular solutions
9.1 Carter–Plebanski solution
Consider the real case (7.19) of (7.17) and let us fix the gauge functions as
α1(r) = α2(r) =
1
2
(9.1)
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Substituting (8.1) and (8.7), (8.8) into (7.17) we obtain
ds2 =
∆ˆr
r2 + y2
(dτ + y2dψ)2 − ∆ˆy
r2 + y2
(dτ − r2dψ)2 − r
2 + y2
∆ˆr
dr2 − r
2 + y2
∆ˆy
dy2 , (9.2)
where
∆ˆr = 2Mr − e2 − g2 + r2(λ2r2 + ǫ) + a2, (9.3)
∆ˆy = 2Ny + e
2 + g2 + y2(λ2y2 − ǫ) + a2. (9.4)
(Recall, that q = 2(e2 + g2).) The metric (9.2) is the well-known Carter–Plebanski
solution of vacuum Einstein–Maxwell equations that describes Petrov D-type metric
characterized by the mass M, NUT-parameter N, electric and magnetic charges e
and g. It possesses two first integrals (5.13), (5.14) a2 and ǫ one of which can be
chosen to be 1, 0 or -1. On account of (7.9) and (4.64), (4.65) these kinematical
parameters are related to the AdS4 invariants
ǫ = C2 , 4λ
2a2 = C4 − C22 . (9.5)
Since the coordinate realization of the AdS4 metric (8.1) and Killing vector (8.4)
covers the whole range of AdS4 invariants (8.11) it is shown that BHUS with generic
parameters describes Carter–Plebanski solution (9.2). The parametric form (7.17)
allows one to choose its different representations. In particular, the double Kerr–
Schild form (7.20) is constructed from mutually orthogonal background null-vectors
kαα˙, l
+−
αα˙ and depends on the deformation parameters linearly. By an appropriate
change of variables that changes the metric signature one can obtain usual real form
of the metric in Minkowski signature [22].
9.2 Kerr–Newman solution
For physical applications it is instructive to consider the case with vanishing NUT
parameter N = 0 that corresponds to real M. This case was considered in [1] for
q = 0 (Kerr metric) within the unfolded dynamics approach. The case of q 6= 0 cor-
responds to Kerr–Newman solution that describes rotating and electro-magnetically
charged black hole (provided its charge and rotation parameter are such, that the
metric is free of naked singularities). To describe this case one can simply set N = 0
in (7.17). However as we have already seen, the integrating flow withM =M admits
a different integration (7.11) giving rise to the simpler Kerr–Schild form of a metric
ds2 = ds20 +
2Mr − q
r2 + y2
KK . (9.6)
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To associate AdS4 invariants with the black hole rotational parameter one can use
the coordinate realization of [23] for AdS4 metric and certain AdS4 Killing vector
(see [1] for detail) to find
C2 = 1 + λ
2a2 , C4 = C
2
2 + 4λ
2a2 . (9.7)
The important particular case of static solution (charged Schwarzschild black hole)
arises if a = 0, or equivalently C4 = C
2
2 6= 0 .
10 Summary and discussion
To conclude let us summarize the results obtained in this paper. It is shown that a
wide class of black hole metrics (Carter–Plebanski) admits simple unfolded descrip-
tion in terms of Killing and source-free Maxwell fields. The system is obtained as
a parametric deformation of AdS4 global symmetry equation. Two deformation pa-
rameters M ∈ C and q ∈ R are associated with black hole mass M=Re M, NUT
charge N=Im M and electro-magnetic charges q = 2(e2 + g2). Black hole kinematic
characteristics related to the angular momentum a and the discrete parameter ǫ are
expressed via two first integrals of the unfolded system.
It is shown that AdS4 global symmetry equation and BHUS are related by the in-
tegrating flows, that describe an evolution with respect to black hole charges. The
integrating flows allowed us to describe the black hole vierbein, metric, Killing fields,
and other characteristics in the AdS4 covariant and coordinate-independent form.
This was done by the straightforward integration of the first order flow evolution
equations with the initial data corresponding to the AdS4 vacuum space. One of
the consequences of this procedure is that black hole kinematic parameters acquired
invariant interpretation in terms of two AdS4 invariants. Let us stress, that the flow
correspondence between vacuum and black hole systems is similar to the one studied
in the nonlinear higher spin gauge theory [6, 7].
We believe that the obtained results can have various useful applications. One of
the most striking features of the obtained description is that it does not refer to
any particular coordinate system. Many important algebraic objects resided in black
holes such as Killing–Yano tensors, Kerr–Schild vectors acquire simple and natural
origin in the proposed formulation.
One of the most straightforward applications could be the study of fluctuations of
different types of fields in the black hole geometry in the unfolded dynamics approach.
Fortunately, the unfolded formulation of free fields of various types is available in the
literature (see e.g. [8] for massless fields in AdS4, [24] for the case of scalar field of
any mass in arbitrary dimension and [7, 13] for more references).
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Another intriguing development is to study a possible generalization of the obtained
results to the full nonlinear higher spin gauge theory that rests on the unfolded
formulation. Hopefully, the obtained results will allow us to challenge this problem
at least perturbatively.
An interesting direction for the future study is to explore the higher-dimensional
generalization. It is well-known that black holes in higher dimensions have reacher
properties than their four-dimensional counterparts. In particular, in d > 4 there are
black holes with non-spherical (ring) horizon topology [25]. Besides, the curvature
tensor of higher-dimensional black holes is not necessarily of generalized D-type [26]
(e.g., in the case of black rings). Even though the approach demonstrated in this pa-
per is essentially four-dimensional, we hope it can be extended to higher dimensions.
Let us note in this respect that the analysis of [27], where the hidden symmetries
of higher-dimensional black holes were discovered, suggests that the unfolded de-
scription of these black holes is likely to be based on the differential forms of higher
ranks.
An alternative possibility for a higher-dimensional generalization of the obtained
unfolded system is the analysis of the black hole-like solutions in Sp(2M) spaces with
matrix coordinates [28, 29, 30, 31]. Since these models provide a higher-dimensional
generalization of the spinor approach used in this paper, one can speculate that such
an extension may be even simpler that in the usual tensorial setup.
The last but not the least is to understand better the origin of the integrating flow,
which very likely is a manifestation of some hidden higher dimensional and/or inte-
grable structure in the system.
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Appendix
A Notations
Capital Latin letters A,B, . . . label Sp(4) vector (i.e., 4d Majorana spinor) indices,
A,B = 1, . . . 4. Indices i, j, · · · = 1, . . . 4 are world (base), while a, b, · · · = 1, . . . 4 are
fiber ones. Capital Latin indices from the middle of alphabet I, J = 1, . . . , 4 are used
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to enumerate basis null-vectors in integrating flow decomposition. To distinguish
between AdS4 background and black hole quantities the latter are endowed with
hats.
The analysis in four dimensions considerably simplifies in spinor notation. Vector
notation is translated to the spinor one and vice versa with the help of σ-matrices
(σ0αα˙ is the unit matrix and σ
1,2,3
αα˙ are Pauli matrices) that obey the condition
ηab σ
a
αα˙σ
b
ββ˙
= 2εαβ εα˙β˙ , (A.1)
where α, and α˙ = 1, 2 are mapped to each other by complex conjugation α↔ α˙. For
a Lorentz vector Va we have
Vαα˙ = (σ
a)αα˙Va , Va =
1
2
(σa)
αα˙Vαα˙ . (A.2)
Spinor indices are raised and lowered by the sp(2) antisymmetric tensors εαβ and εα˙β˙
ξα = ξ
βεβα , ξ
α = εαβξβ , ξ¯α˙ = ξ¯
β˙εβ˙α˙ , ξ¯
α˙ = εα˙β˙ ξ¯β˙ , (A.3)
where ε12 = ε
12 = 1, εαβ = −εβα, εαβ = −εβα.
Lorentz irreducible spinor decompositions of the Maxwell and Weyl tensors Fab and
Cabcd read, respectively, as
Fαα˙ββ˙ = εαβF¯α˙β˙ + εα˙β˙Fαβ , Cαα˙ββ˙γγ˙δδ˙ = εαβεγδC¯α˙β˙γ˙δ˙ + εα˙β˙εγ˙δ˙Cαβγδ , (A.4)
where the symmetrization over spinor indices denoted by the same letter is implied.
Fαβ , Cαβγδ and their conjugated are totally symmetric multispinors.
Hodge duality for two-forms is translated as follows. By definition, Pij and ∗Pij are
related as
∗ Pij =
√−g
2
εijklP
kl, (A.5)
where g is the determinant of the metric and εabcd is Levi-Civita symbol (ε0123 =
−ε0123 = 1). Then for spinor components we have
∗ Pαα = −iPαα, ∗P¯α˙α˙ = iP¯α˙α˙ . (A.6)
In vector notation Pαα, P¯α˙α˙ correspond to the (anti)self-dual parts P
±
ij of antisym-
metric tensor Pij defined by
P±ij =
1
2
(Pij ± i ∗Pij). (A.7)
AdS4 spinor indices A,B, . . . unify left and right Weyl spinor indices A = (α, α˙).
These are raised and lowered by the canonical sp(4) form
ǫAB =
(
ǫαβ 0
0 ǫα˙β˙
)
. (A.8)
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B Sketch of derivation of integrating flows
Let us sketch the idea of derivation of the equations (6.3) and (6.4). Since the method
is similar for the flows with respect to M and M we confine ourselves to ∂M–flow
with complex M.
Consider the most general decomposition of ∂MVαα˙ and ∂Mhαα˙ in the basis of Kerr–
Schild vectors (5.22)
∂MVαα˙ =
4∑
I=1
tIeI,αα˙ , ∂Mhαα˙ =
4∑
I,J=1
ΦIJ eˆI,αα˙eˆJ,γγ˙h
γγ˙ (B.1)
with some set of functions tI(x,M, . . . ) and ΦIJ(x,M, . . . ). Applying [∂M, d] to
(4.19) and using ∂MG = ∂MG¯ = 0 (see (6.2)) we obtain
2
∑
I
(−1)σI+σJΦIJ = tJ , (B.2)
2
∑
I
(−1)σ¯I+σ¯JΦIJ = tJ . (B.3)
Some components of ΦIJ can be eliminated using the gauge freedom of Cartan equa-
tions. Indeed, the gauge transformation of vierbein is
δhαα˙ = Dξαα˙ + ξαβhβα˙ + ξ¯α˙β˙hαβ˙ , (B.4)
where ξαα˙, ξαα, ξ¯α˙α˙ are arbitrary gauge parameters. Using (B.1) to extract pure gauge
part in
δMhαα˙ =
4∑
I,J=1
ΦIJ eˆI,αα˙EˆJδM , (B.5)
one can see that six parameters ξαα and ξ¯α˙α˙ make it possible to eliminate the anti-
symmetric part Φ[IJ ]. Choose ξαα˙-gauge parameter in the form
ξαα˙ =
4∑
I=1
SI eˆI,αα˙δM , (B.6)
where SI(G,G,M, . . . ) is some set of functions. Using (5.3)–(5.5) one obtains
Dξαα˙ =
4∑
I,J=1
(B[IJ ] +B(IJ))eˆI,αα˙EˆJ , (B.7)
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where B(IJ) and B[IJ ] are symmetric and antisymmetric. Finally, making use of the
gauge parameters ξαα and ξ¯α˙α˙ one eliminates the antisymmetric part Φ[IJ ] . The
symmetric part Φ(IJ) is restricted by (B.2), (B.3) to the form
Φ(IJ) =


Φ11 X Z Z
X Φ22 Z Z
Z Z Φ33 Y
Z Z Y Φ44

 . (B.8)
Its off-diagonal part is parameterized by three parameters X, Y, Z. The leftover gauge
freedom in ξαα˙ allows us to set X, Y, Z to zero. At this stage, one gauge parameter
in ξαα˙ remains free. An important observation is the following. The gauge fixing
that makes ΦIJ diagonal turns out to impose in addition to (6.2) M-independence
condition on Maxwell two-form
∂MF = 0 . (B.9)
Thus, the gauge fixing leads to the following structure functions
ΦIJ =
1
2
δIJφJ , tI = φI . (B.10)
The condition [∂M, d] = 0 applied to (5.3)–(5.5) after somewhat annoying but straight-
forward calculation using the relations (5.3)–(5.5) and (4.46) gives the following sim-
ple compatibility conditions
∂φ1
∂y
+ (G − G¯)φ1 = 0 , ∂φ3
∂r
+ (G + G¯)φ3 = 0 , (B.11)
∂φ2
∂y
+ (G − G¯)φ2 = 0 , ∂φ4
∂r
+ (G + G¯)φ4 = 0 (B.12)
along with the following constraints
φ1 + φ2 + φ3 + φ4 =
1
2
G + 1
2
∂MI1, (B.13)
φ1 + φ2 − φ3 − φ4 = 1
2
G¯ + G
2 + G¯2
4GG¯ ∂MI1 +
GG¯
4
∂MI2 , (B.14)
which can be equivalently rewritten as
φ1 + φ2 =
G + G¯
4
(1 + r∂MI1 + 1
4r
∂MI2), (B.15)
φ3 + φ4 =
G − G¯
4
(1− iy∂MI1 + i
4y
∂MI2). (B.16)
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Let us note, that the conditions (B.13), (B.14) arise if ∂M-flow is applied to (5.13)
and (5.14), respectively.
Solutions for φI exist for any values of I1 and I2. However, the case with ∂MI1,2 6= 0,
although being consistent with (B.11), (B.12) turns out to be incompatible with the
reality of the metric and even in the complex case it does not seem to lead to any
simplification. Therefore, we demand
∂MI1 = 0 , ∂MI2 = 0 . (B.17)
Performing straightforward integration of (B.11) and (B.12) we obtain (6.5), (6.6)
and (6.9) with α1,2(r) and β1,2(y) arising as the integration parameters.
The analysis for ∂q–flow is analogous leading to the same differential equations (B.11),
(B.12) for ψI–functions along with the constraints
ψ1 + ψ2 + ψ3 + ψ4 = −GG¯
2
+
1
2
∂qI1 (B.18)
ψ1 + ψ2 − ψ3 − ψ4 = G
2 + G¯2
4GG¯ ∂qI1 +
GG¯
4
∂qI2 (B.19)
or, equivalently,
ψ1 + ψ2 = −GG¯
4
(1− 2r2∂qI1 − 1
2
∂qI2), (B.20)
ψ3 + ψ4 = −GG¯
4
(1− 2y2∂qI1 + 1
2
∂qI2) . (B.21)
It is convenient to set ∂qI1 = 0 reproducing (6.7), (6.8) and (6.10), where γ = ∂qI2.
Finally, the condition [∂M, ∂q] = 0 leads to (6.11). The reason to keep ∂qI2 6= 0
is that it allows to reduce black hole metric to convenient Kerr–Schild form when
M =M.
Finally, the case with real M = M can be considered separately as it admits some
simplification of the metric. WhenM is real one is left with the only mass flow instead
of two for complex M. This case provides the same system of differential equations
for the structure functions (B.11), (B.12). Analogously, to have the complete set of
consistency conditions for φI one acts with ∂M on the first integrals (5.13), (5.14).
Note, that in this case one should set M = M on the right hand sides of (5.13),
(5.14) prior their differentiation. Pretty much as in the complex case, it is convenient
to demand (B.17). As a result, in addition to (B.11), (B.12) one gets the following
constraints
φ1 + φ2 + φ3 + φ4 =
1
2
(G + G¯) , φ1 + φ2 − φ3 − φ4 = 1
2
(G + G¯) . (B.22)
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General solution of (B.11), (B.12), (B.22) is
φ1 =
G+ G¯
2
α1(r) , φ2 =
G+ G¯
2
α2(r) , (B.23)
φ3 =
G− G¯
2
β1(y) , φ4 =
G− G¯
2
β2(y) , (B.24)
where
α1(r) + α2(r) = 1 , β1(y) + β2(y) = 0 . (B.25)
Note, that (B.23) differs from (6.5) by 2 factor and the constraints for β1,2 differ from
that in (6.9). This integration allows one to fix gauge parameters α2 = β1 = β2 = 0
to get (6.14).
Let us note, that for each of the integrating flows ∂χ = (∂M, ∂M, ∂q) the integrability
condition
[∂χ, d] = 0 (B.26)
provides the same differential equations for the flow structure functions (B.11), (B.12).
These equations are not sufficient for the consistency (B.26). The rest of the con-
ditions, such as (B.13), (B.14) result from the requirement that (5.13), (5.14) are
constant in BHUS. Together with (B.11) and (B.12) they satisfy (B.26). Having
solved (B.26) one is left with
[∂χ, ∂χ′] = 0 (B.27)
which is straightforward to analyze.
C Integration of Kerr–Schild vectors
Consider the general case of complex M. To restore Kerr–Schild vectors in terms of
their AdS4 counterparts (7.2), (7.3) via the flow integration we differentiate (5.22)
along the flows and use their definition to obtain
∂Mkˆαα˙ = −α2r
∆ˆr
kˆαα˙, ∂M lˆ
+−
αα˙ = −
β2y
i∆ˆy
lˆ+−αα˙ , (C.1)
∂Mnˆαα˙ = −α1r
∆ˆr
nˆαα˙, ∂Mlˆ
−+
αα˙ = −
β1y
i∆ˆy
lˆ−+αα˙ . (C.2)
Analogously, applying ∂q–flow we obtain
∂qkˆαα˙ =
θ2
2∆ˆr
kˆαα˙, ∂q lˆ
+−
αα˙ = −
ϑ2
2∆ˆy
lˆ+−αα˙ , (C.3)
∂qnˆαα˙ =
θ1
2∆ˆr
nˆαα˙, ∂qlˆ
−+
αα˙ = −
ϑ1
2∆ˆy
eˆ4,αα˙. (C.4)
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Recall, that the parameters α1,2(r), β1,2(y), θ1,2(r), ϑ1,2(y) arise as the integration con-
stants in (B.11), (B.12). Integration with the constraint (7.1) gives (7.2), (7.3).
To obtain (7.5), (7.6) we contract the second equation of (6.3) with all Kerr–Schild
vectors (5.22). This gives
∂MKˆ =
α2r
∆ˆr
(Nˆ − Kˆ), ∂MLˆ+− = β2y
i∆ˆy
(Lˆ−+ − Lˆ+−), (C.5)
∂MNˆ =
α1r
∆ˆr
(Kˆ − Nˆ), ∂MLˆ−+ = β1y
i∆ˆy
(Lˆ+− − Lˆ−+). (C.6)
The analysis for ∂q–flow is analogous and the integration at the condition (7.1) gives
(7.5), (7.6).
D Vector form of AdS4 unfolded system
AdS4 unfolded system in vector notation reads as
DiVj = κij, (D.1)
Dkκij = λ
2(gkjVi − gkiVj). (D.2)
Let us introduce antisymmetric tensor Fij = F
+
ij + F
−
ij by
κ
+
ij = ρF
+
ij , κ
−
ij = ρ¯F
−
ij , (D.3)
where
ρ = −λ2G−3, ρ¯ = −λ2G¯−3, (D.4)
and
F+ij F
+ij = −G4, F−ij F−ij = −G¯4, (D.5)
where ± denote (anti)self-dual parts of the corresponding two-forms. One can easily
check that Fij fulfills Maxwell equation and Bianchi identities
DkF
k
i = 0, D[iFjk] = 0. (D.6)
Then the system (D.1), (D.2) can be equivalently rewritten as
DiVj = ρF
+
ij + ρ¯F
−
ij , (D.7)
DkF
+
ij = V
pC+pkij, (D.8)
DkF
−
ij = V
pC−pkij, (D.9)
where C±ijkl are the following quadratic combinations of F
±
ij
C+ijkl = −G−1
(
2F+ij F
+
kl + F
+
ikF
+
jl − F+il F+jk +
G4
4
(gikgjl − gilgjk)
)
, (D.10)
39
C−ijkl = −G¯−1
(
2F−ij F
−
kl + F
−
ikF
−
jl − F−il F−jk +
G¯4
4
(gikgjl − gilgjk)
)
. (D.11)
Note that C±ijkl describe the (anti)self-dual parts of the black hole Weyl tensor.
The Killing projectors in vector indices are
Π±ij =
1
2
gij ± G−2F+ij , (D.12)
Π¯±ij =
1
2
gij ± G¯−2F−ij . (D.13)
They possess the following obvious properties
Π±i
jΠ±jk = Π
±
ik, Π
±
i
jΠ∓jk = 0, (D.14)
and
Π¯±i
jΠ¯±jk = Π¯
±
ik, Π¯
±
i
jΠ¯∓jk = 0. (D.15)
In spinor notation these projectors yield (4.24).
The Mutually orthogonal null-vectors (4.38)–(4.39) are the following projections of a
Killing vector
ki =
1
(V +V −)
V −i , ni =
1
(V +V −)
V +i , (D.16)
l+−i =
1
(V +−V −+)
V +−i , l
−+
i =
1
(V +−V −+)
V −+i , (D.17)
where (AB) = AiB
i and
V −i = Π
−
i
jΠ¯−jkV
k, V +i = Π
+
i
jΠ¯+jkV
k, (D.18)
V +−i = Π
+
i
jΠ¯−jkV
k V −+i = Π
−
i
jΠ¯+jkV
k. (D.19)
Let us also note that
Πi
jΠ¯jk = Π¯i
jΠjk. (D.20)
The vectors (D.16), (D.17) define the four geodesic congruences
kjDjki = 0, n
jDjni = 0, l
+−jDjl
+−
i = 0, l
−+jDjl
−+
i = 0. (D.21)
Now one can check that consistency of the Killing-Maxwell system (D.7)–(D.8) de-
mands the function ρ to be of the form (5.2). The Riemann tensor reads as
Rijkl =λ
2(gikgjl − gilgjk) + 2(e2 + g2)(gikTjl + gjlTik − gilTjk − gjkTil)
+ 6(M− 2(e2 + g2)G¯)C+ijkl + 6(M− 2(e2 + g2)G)C−ijkl, (D.22)
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where the energy-momentum tensor Tij has the following simple form
Tij = 2F
+
ikF
−
j
k = 2F−ikF
+
j
k. (D.23)
Rewriting (4.48) and (4.49) in vector notation yields
Fijk
j = −G
2 + G¯2
2
ki, Fijn
j =
G2 + G¯2
2
ni, (D.24)
Fijl
+−j =
G2 − G¯2
2
l+−i , Fijl
−+j = −G
2 − G¯2
2
l−+i (D.25)
and
∗Fijkj = i(G
2 − G¯2)
2
ki, ∗Fijnj = i(G
2 − G¯2)
2
ni, (D.26)
∗Fijl+−j = −i(G
2 + G¯2)
2
l+−i , ∗Fijl−+j =
i(G2 + G¯2)
2
l−+i . (D.27)
E Some useful unfolded system properties
Considered unfolded systems have a number of important properties, such as the
existence of Killing–Yano tensors and additional Killing vector. Let us show this in
some detail for the case of AdS4.
Using (4.3) and (4.12) we find
D
(
1
G3Fαα
)
= −hαα˙Vαα˙. (E.1)
Therefore, the Maxwell tensor generates Killing–Yano tensor
Yαα =
i
G3Fαα, Y¯α˙α˙ = −
i
G¯3 F¯α˙α˙. (E.2)
Indeed, (E.2) gives
Dαα˙Yαα = 0 , Dβα˙Y
β
α +Dαβ˙Y¯
β˙
α˙ = 0 , (E.3)
which is equivalent to the Killing–Yano equation in vector indices [32]
D(kYm)n = 0, Ymn = −Ynm. (E.4)
The next observation is that the Hodge dual tensor (see Appendix A) ∗Yij that has
the following irreducible components
∗ Yαα = 1G3Fαα, ∗Y¯α˙α˙ =
1
G¯3 F¯α˙α˙. (E.5)
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is the closed Killing–Yano tensor since it fulfils the equation12 d ∗ Y = 0, i.e.,
∂[i ∗Yjk] = 0, ∗Ymn = − ∗Ynm. (E.6)
where brackets denote antisymmetrization over indices. It is obvious that
∗ Ymn = − 1
λ2
κmn, (E.7)
where κmn is given by (4.1).
One can see that it is possible to express Killing vector Vαα˙ as
V i =
1
3
Dj ∗Y ji. (E.8)
Note that another Killing vector can be constructed from V i by means of the second-
rank Killing tensor Kij generated by the Killing–Yano tensor Yij (see [18])
φi = KijV
j , Kij = YikY
k
j. (E.9)
In spinor notation this gives the following relation between Killing vectors
φαα˙ =
1
4G3G¯3Fα
βF¯α˙
β˙Vββ˙ −
1
4
(
1
G2 +
1
G¯2
)
Vαα˙. (E.10)
One can make sure that it solves the Killing equation
Dφαα˙ =
1
2
hα
β˙ϕ¯α˙β˙ +
1
2
hβα˙ϕαβ , (E.11)
where ϕαα, ϕ¯α˙α˙ are the (anti)self-dual components of the Killing two-form
ϕαα = − 1
2G3
(
I1 +
λ2
G¯2
)
Fαα − 1
2G¯3Vα
α˙Vα
α˙F¯α˙α˙. (E.12)
Note, that when C4 = C
2
2 this Killing vanishes φαα˙ = 0 and ϕαα = 0.
As a result the global symmetry parameter KAB (4.8) generates another global sym-
metry parameter K˜AB in the following way
K˜AB =
(
ϕαβ λφαβ˙
λφβα˙ ϕ¯α˙β˙
)
, D0K˜AB = 0 . (E.13)
Its sp(4) invariants read
C2 = K˜ABK˜AB = I1I2, (E.14)
C4 = Tr(K˜4) = I
2
2
4
(I21 + λ
2I2) . (E.15)
12Note that covariant differential acts on forms as ordinary de Rham differential.
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Remarkably, the existence of the Killing–Yano tensor and additional Killing vector
also takes place in the black hole unfolded system (5.3)–(5.8). One can show that the
formulae (E.1)–(E.10) are valid in BHUS upon redefinition
D → D , Vαα˙ → Vαα˙ . (E.16)
F Comment on Plebanski–Demianski solution
The considered unfolded system (5.3)–(5.5) has been shown to describe generic Carter–
Plebanski family of metrics. This family can be obtained by some limiting procedure
from the so called Plebanski–Demianski metric [34], which is believed to be the most
general D-type solution of vacuum Einstein–Maxwell equations with aligned principle
directions. Although it has the same number of parameters as the Carter–Plebanski
solution all of them are continuous unlike those in Carter–Plebanski case with one
being discrete. Physical meaning of this additional continuous parameter according
to [34] is acceleration. The metric generalizes Carter–Plebanski solution reproducing
the latter in non-accelerated limit. In this Appendix we demonstrate that the con-
structed black hole unfolded system does not contain Plebanski–Demianski metric.
Consider Plebanski–Demianski class of solutions of the Einstein–Maxwell equations
with electric and magnetic charges and the cosmological constant. Up to notation,
its original form reads as
g =
1
(1− qp)2
(
Q(q)(dτ − p2dψ)2
q2 + p2
− P (p)(dτ + q
2dψ)2
q2 + p2
− q
2 + p2
Q(q)
dq2 − q
2 + p2
P (p)
dp2
)
,
(F.1)
where
Q(q) = (λ2/2 + γ + e2)− 2mq + εq2 − 2nq3 − (λ2/2− γ + g2)q4, (F.2)
P (p) = (λ2/2 + γ − g2) + 2np− εp2 + 2mp3 − (λ2/2− γ − e2)p4. (F.3)
Choosing the vector potential in the form
A =
q
q2 + p2
dτ − qp
2
q2 + p2
dψ (F.4)
one can check that the following equations hold
Rij = 3λ
2gij − 2(e2 + g2)(FikFjk − 1
4
gijF
klFkl), (F.5)
where Fij is the Maxwell tensor F = dA
F =
1
(q2 + p2)2
[
(dτ − p2dψ) ∧ (q2 − p2)dq + 2(dτ + q2dψ) ∧ pqdp] . (F.6)
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The Weyl tensor of (F.1) is built of (F.6) according to (5.12) thus having a chance
to be described by (5.3)–(5.5) with some Killing vector V i. Let us show that this is
not the case for any real V i.
Assuming, that Plebanski–Demianski metric can be described by BHUS we use its
Maxwell tensor (F.6) to express corresponding Killing vector V i via (4.19) in two
different ways
(a) V i =
1
2G4hαα˙
iF αγ∂γ
α˙G, (F.7)
(b) V i =
1
2G¯4hαα˙
iF¯ α˙γ˙∂αγ˙G¯ . (F.8)
By construction, in the Carter–Plebanski case these two formulae give the same result
with real V i. For (F.6) this is not the case and we obtain two complex-conjugated
Killing vectors
V i(a) = {1,−i, 0, 0}, V i(b) = {1, i, 0, 0}. (F.9)
Thus, Plebanski–Demianski metric (F.1) is governed by a complex Killing vector or,
equivalently, two real ones. Its unfolded system requires some modification to include
complex Killing vector and will be considered elsewhere.
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